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A GAUSS-BONNET-CHERN THEOREM FOR FINSLER VECTOR
BUNDLES
WEI ZHAO
Abstract. In this paper, we give a simple proof of the Gauss-Bonnet-Chern
theorem for a real oriented Finsler vector bundle with rank equal to the dimen-
sion of the base manifold. As an application, a Gauss-Bonnet-Chern formula
for any metric-compatible connection is established on Finsler manifolds.
1. Introduction
Fifty years ago, S. S. Chern [11, 12] gave an intrinsic proof of the Gauss-Bonnet-
Chern (GBC) theorem for all oriented closed n-dimensional Riemannian manifolds
(M, g), that is,
(1.1)
∫
M
Ω = χ(M),
where
Ω =

(−1)p
22pπpp! ǫi1...i2pΩ
i2
i1
∧ · · · ∧ Ωi2pi2p−1 , n = 2p,
0, n = 2p+ 1.
(1.2)
and (Ωij) is the local curvature form of the Levi-Civita connection. The GBC
theorem plays an important role in differential geometry, leading to the development
in several areas such as the theory of characteristic classes and index theory [7, 17].
Recently, the GBC theorem has been generalized to Riemannian bundles [6, 18],
which reveals an intrinsically beautiful fact: the integral of the geometric Euler
class is exactly the Euler characteristic for any oriented Riemannian vector bundle
with rank equal to the dimension of the base manifold (cf. [6, Theorem 1]). The
rank requirement here is natural and necessary, which makes it possible to integrate
the Euler class over the underlying manifold.
Finsler geometry is just Riemannian geometry without quadratic restriction. It
is natural to ask whether an analogue of (1.1) still holds for Finsler manifolds. The
purpose of this paper is to study this problem. Let (M,F ) be an n-dimensional
Finsler manifold. Denote by π : SM →M the projective sphere bundle and π∗TM
the pull-back tangent bundle. F induces naturally a Riemannian metric on π∗TM .
There are various connections of F , but none of them is both ”torsion-free” and
”metric-compatible”. For example, the Cartan connection is metric-compatible
but not torsion-free while the Chern connection is torsion-free but not metric-
compatible. Refer to [1, 4] for other interesting connections.
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In the 1950s, Lichnerowicz [16] and Busemann [9] made some efforts to generalize
(1.1) to Finsler manifolds. Their work show that there is no simple formula as (1.1)
valid for general Finsler manifolds. Fifty years later, Bao-Chern [3] reconsidered
this problem and established the GBC theorem for Finselr manifolds with V(x) =
constant by the Chern connection, which is also derived by Shen [21] from the
Cartan connection in the same year. Here, V(x) is the Riemannian volume of SxM
induced by F (cf. [5]). Five years later, Lackey [15] used a nice trick to deal with
V(x) and generalized the result of Bao-Chern [3] to general Finsler manifolds. In
fact, Lackey established a GBC theorem for any torsion-free connection.
All the methods used in [3, 15, 16, 21] are inspired by Chern’s original idea, that
is, using two polynomials Φk, Ψk to obtain the transgression
ΩD + F = dΠ,
where D is a connection of F , F is a form on SM , ΩD is defined as (1.2) by D, and
Π, Φk and Ψk are defined as in [11, 12]. It should be noticed that Π induced by a
torsion-free connection has a close relationship with V(x), i.e.,
(1.3) Π|SxM =
dνx
vol(Sn−1)
,
where dνx is the volume form of SxM , that is, V(x) =
∫
SxM
dνx. (1.3) allows us
to use the Poincare´-Hopf theorem and establish the GBC theorem [3, 15] (for any
torsion-free connection) ∫
M
[X ]∗
(
ΩD + F
V(x)
)
=
χ(M)
vol(Sn−1)
,
where [X ] : M → SM is an arbitrary section with isolated singularities. The addi-
tional item F does not vanish simply because D is not metric-compatible. However,
in the metric-compatible case, (1.3) is no longer true, although F always vanishes.
In fact, it seems that the metric-compatible structure equation gives little informa-
tion about Π.
The purpose of this paper is to give a short proof of the GBC theorem for any
metric-compatible connection and for any oriented Finsler bundle with rank equal
to the dimension of the base manifold. In order to introduce our main results, we
shall introduce some notions and basic facts of Finsler bundles. See Section 2 below
for more details.
Given a rank n oriented Finsler bundle (E , F ) over a n-dimensional closed ori-
ented manifold M . Let π : SE → M be the the projective sphere bundle and let
π∗E be the pull-back bundle. F induces an Riemannian metric on π∗E . For each
metric-compatible connection D on π∗E , define the Pfaffian ΩD as (1.2). Then we
have the following:
Theorem 1.1. Let E be an oriented Finsler vector bundle of rank n over an n-
dimensional closed oriented manifold M . Given any metric-compatible connection
D, for any smooth section X with isolated zeros on E , we have∫
M
[X ]∗
(
ΩD + E
V(x)
)
=
χ(E )
vol(Sn−1)
,
where [X ] is the section of SE induced by X, V(x) is the Riemannian volume of
π−1(x), χ(E ) is the Euler characteristic of E and E is an n-form on SE .
3It should be remarked that all the (ΩD + E)/V(x)s of metric-compatible con-
nections are in the same DeRham cohomology class, which can be viewed as the
modified geometric Euler class of π∗E . The correction term E is an exact form
if V(x) is constant. However, even in this case,
∫
M
[X ]∗(E/V(x)) does not vanish
(e.g., [21]). See Section 3 below for the precise formula of E. Theorem 1.1 reduces
to the GBC theorem for Riemannian bundles [6, Theorem 1].
Theorem 1.2 ([6]). Let F be a rank n oriented Riemannian vector bundle over
an n-dimensional closed oriented manifold M . Given any metric-compatible con-
nection D, we have ∫
M
ΩD = χ(F ).
Recall that χ(M) is exactly χ(TM). Then we derive the following GBC theorem
for Finsler manifolds from Theorem 1.1 directly.
Theorem 1.3. Let (M,F ) be an n-dimensional closed oriented Finsler manifold.
Given any metric-compatible connection D, for any vector field X with isolated
zeros, we have ∫
M
[X ]∗
(
ΩD + E
V(x)
)
=
χ(M)
vol(Sn−1)
,
where [X ] is the section of SM induced by X, V(x) is the Riemannian volume of
SxM , and E is an n-form on SM .
Theorem 1.3 implies the classical GBC theorem in the special case when M is a
Riemannian manifold endowed with any metric-compatible connection [7, 17].
Theorem 1.4 ([7, 17]). Let (M, g) be an closed oriented Riemannian manifold.
Given any metric-compatible connection D, we have∫
M
ΩD = χ(M).
For an oriented Riemannian bundle F , the cohomology class [ΩD] is the geo-
metric Euler class of F . Bell obtains Theorem 1.2 above by revealing an important
fact, i.e., the geometric Euler class always coincides with the topological Euler class
for all oriented Riemannian bundles [6, Theorem 4]. However, it seems impossible
to extend this result to general Finsler bundles. See Remark 2 below for more de-
tails. We know that Mathai-Quillen [17] give a proof of the Theorem 1.4 by showing
that the pullback of the Thom class via the zero section is the Euler class of the
base manifold. But their method cannot be applied to the Finsler setting either
(see Remark 1 below). The key idea in the proof of Theorem 1.1 is to modify a
given metric-compatible connection to another new metric-compatible connection
with certain special properties.
It should be noticed that Shen [20] has also established a GBC theorem for any
metric-compatible connection on Finsler manifolds. But his formula and method
are different from ours here. Refer to [20] for more details.
2. Preliminaries
In this paper, the rules that govern our index gymnastics are as follows: low case
Latin indices run from 1 to n; capital Latin indices run from 1 to m; and low case
Greek indices run from 1 to n− 1.
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A Finsler vector bundle (E , F,M) is a real vector bundle E of rank n over a
m-dimensional manifold M , equipped with a Finsler metric F . The Finsler metric
F is a nonnegative function on E satisfying the following three conditions:
(1) F is smooth on the slit bundle E \0;
(2) F is positively homogeneous, i.e., F (λy) = λF (y), for any λ > 0 and y ∈ E ;
(3) The Hessian 12 [F
2]yiyj (x, y) is positive definite, where F (x, y) := F (y
isi|x)
and {si} is a local frame field of E .
It should be noted that the first condition is natural and important. In fact, a
Finsler metric cannot be smooth at the zero-section unless it is Riemannian. For
this reason, most of the geometric quantities of a Finsler bundle cannot be defined
at the zero-section.
Let π : SE → M be the the projective sphere bundle and let π∗E be the pull-
back bundle. For each (x, [y]) ∈ SE , the tautological section ℓ of π∗E is defined
by
ℓ(x,[y]) =
yi
F (y)
si,
where si := (x, [y], si|x), i = 1, · · · , n, denote the local frame of π∗E .
The Finsler metric F induces naturally a Riemannian metric g and the Cartan
tensor A on π∗E . Let (xA, yj) = [yjsj ]|x be a local homogeneous coordinate system
of SE . Thus, g = gij t
i ⊗ tj and A = Aijk ti ⊗ tj ⊗ tk, where
gij(x, [y]) :=
1
2
∂2F 2(x, y)
∂yi∂yj
, Aijk(x, [y]) :=
F
4
∂3F 2(x, y)
∂yi∂yj∂yk
,
and {tj} is the dual frame field of {sj}. It is easy to check that F is Riemannian if
and only if A = 0. Set (gij) := (gkl)
−1 and Ajik := g
jlAlik.
Given an Ehresmann connection Θ ∈ A 1(E , V E ) on E (cf. [7, Definition 1.10]),
we have a horizontal decomposition
T (E \0) = H(E \0)⊕ V (E \0),
where H(E \0) := kerΘ|E\0 and V (E \0) denote the horizontal bundle and the
vertical bundle of E \0, respectively. Let (xA, yj) = yjsj |x be a local coordinate
system of E . Set N jA := 〈Θ( ∂∂xA ), dyj〉. Then we obtain two frame fields { δδxA }mA=1
and { δδyi }ni=1 of H(E \0) and V (E \0) respectively, where{
δ
δxA :=
∂
∂xA −NkA ∂∂yk ,
δ
δyi := F
∂
∂yi .
It is easy to check that {
dxA,
δyi :=
dyi+NiAdx
A
F ,
is the dual frame field of { δδxA , δδyi }. In particular, if we view (xA, yj) as a local
homogeneous coordinate system of SE , then { δδxA , δδyi } (resp. {dxA, δyi}) is also
a local frame field of T (SE ) (resp. T ∗(SE )). Hence, we obtain two horizontal
decompositions
T (SE ) = H(SE )⊕ V (SE ), T ∗(SE ) = H∗(SE )⊕ V ∗(SE ).
5Then the differential operator d : C∞(SE ) → A 1(SE ) is decomposed into d =
dH + dV , where
dHf :=
δf
δxA
dxA, dV f :=
δf
δyi
δyi, ∀f ∈ C∞(SE ).
In the following, we assume that the Ehresmann connection Θ has been chosen.
Example 1. Let T denote the tangent bundle of a Finsler manifold. Then the
canonical horizontal decomposition of T (T \0) can be derived from the Bott con-
nection (see [2, p. 35-38] or [4, (2.3.2a)]). In particular, { δδxi } and { δδyi } have the
same behavior under transformations induced by coordinate changes. However, this
is no longer true for a general Finsler bundle (E , F,M) even if rank(E ) = dim(M).
For this reason, all the known connections in Finsler manifolds (e.g., the Cartan
connection and the Chern connection) cannot be generalized to general Finsler
bundles.
3. Modification of a metric-compatible connection
This section is devoted to investigating the connections of a Finsler bundle.
According to [4, 14], an operator D is called a connection of a Finlser bundle
(E , F ), if it is a connection on π∗E defined by F . And a connection D of (E , F )
is said to be metric-compatible if it is compatible with the Riemannian metric g
on π∗E induced by F . In particular, if F is a Riemannian bundle and D is a
metric-compatible connection on F , then π∗D is a metric-compatible connection
of the Finsler bundle F .
Let (E , F,M) be a Finsler bundle as in Section 2. Given a connection D of E ,
let (θji ) denote the connection 1-form of D with respect to the local frame {si}, i.e.,
Dsi = θ
j
i ⊗ sj. Since θji ∈ A 1(SE ), by the horizontal decomposition of T ∗(SE ), we
decompose θij into
θij = γ
i
jAdx
A + ̺ijkδy
k,
where (xA, yj) is a local homogeneous coordinate system of SE . It is not hard to
see that the horizontal component (γikAdx
A) defines a connection on π∗E , while
the vertical component ̺jikt
i ⊗ tk ⊗ sj is a smooth section of π∗E ∗ ⊗ π∗E ∗ ⊗ π∗E .
Inspired by this observation and [5], we introduce the modification of a connection.
Definition 3.1. Let D be a connection of E . The modified connection ∇ of D is
also a connection of E , which is defined by
(3.1) ∇si :=
(
γjiAdx
A + 2Ajikδy
k
)
⊗ sj ,
where (γjiAdx
A) is the horizontal component of the connection 1-form of D with
respect to {si}.
Denote by DH the connection defined by the horizontal component of the con-
nection 1-form of D. In this paper, we say that D is partially metric-compatible, if
DH satisfies
dHg(X,Y ) = g(DHX,Y ) + g(X,DHY ), ∀X,Y ∈ Γ(π∗E ).
Clearly, a metric-compatible connection is always partially metric-compatible. But
a partially metric-compatible connection is not metric-compatible unless the Finsler
metric is Riemannian. However, we have the following proposition.
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Proposition 3.2. Let D and ∇ be as in Definition 3.1. Thus, ∇ is metric-
compatible if and only if D is partially metric-compatible. Hence, the modified
connection of a metric-compatible connection is still metric-compatible.
Proof. It is easy to see that
dgij = d
Hgij + d
V gij = d
Hgij + 4Aijkδy
k,
where gij = g(si, si). Hence, ∇ is compatible with g if and only if δgij/δxA =
gikγ
k
jA + gkjγ
k
iA, that is, D is partially metric-compatible. 
Example 2. Let T be the tangent bundle of a Finsler manifold. It follows from
[4, p. 39] that the modified connection of the Berwald connection is the Hashigchi
connection, and the modified connection of the Chern connection is the Cartan
connection. In particular, the Cartan connection is metric-compatible while the
Chern connection is partially metric-compatible.
We will see below that the modified connection of a metric-compatible connection
always satisfies some interesting properties, which allow us to establish a GBC
theorem for the original connection.
In the rest of the paper, we assume that {ei}ni=1 is a local g-orthonormal field
for π∗E with en = ℓ. Let ∇ be the modified connection of a metric-compatible
connection. Denote by ̟ij (resp. Ω
i
j) the connection (resp. curvature) form of ∇
with respect to {ei}, i.e.,
∇ei =: ̟ji ⊗ ej , Ωji := d̟ji −̟ki ∧̟jk.
First we have the following proposition.
Proposition 3.3. Let ∇ be the modified connection of a metric-compatible connec-
tion. Then for each x ∈M , we have
dνx = i
∗
x(̟
n
1 ∧ · · · ∧̟nn−1),
where dνx is the Riemannian volume form of SxE := π
−1(x) induced by F , and
ix : SxE →֒ SE is the injective map.
Proof. Let (xA, yi) denote a local homogeneous coordinate system of SE . Then
dνx(y) =
√
det gij(x, y)
n∑
i=1
(−1)i−1 y
i
F
d
(
y1
F
)
∧ · · · ∧
̂
d
(
yi
F
)
∧ · · · ∧ d
(
yn
F
)
.
Set ei =: B
k
i sk. It is easy to see thatB
k
n = y
k/F (y) and det(B−1) =
√
det gij(x, y).
Thus, ∇en = ̟jn ⊗ ej together with (3.1) and ykAkij = 0 yields
i∗x(̟
k
nB
i
k) = d
(
yi
F (y)
)
,
which implies that
i∗x(̟
1
n ∧ · · · ∧̟n−1n ) = (B−1)1i1 · · · (B−1)n−1in−1d
(
yi1
F
)
∧ · · · ∧ d
(
yin−1
F
)
.
Let {θi} denote the dual frame field of {ei}. By en contracting θ1 ∧ · · · ∧ θn, one
has
(B−1)1i1 · · · (B−1)n−1in−1 = (−1)n−1
n∑
i=1
(−1)i−1 det(B−1)y
i
F
δ1···ˆi···ni1···in−1
(n− 1)! .

7Before continuing to investigate the modified connection of a metric-compatible
connection, we introduce some notions first. Set A i,j := Γ(SE ,∧iT ∗SE ⊗ ∧jπ∗E )
andA :=
∑
i,j A
i,j . Then A is a bigraded algebra (cf. [17]), that is, for a⊗b ∈ A i,j
and c⊗ d ∈ A k,l, the product of a⊗ b and c⊗ d is defined by
(a⊗ b) · (c⊗ d) = (−1)jk(a ∧ c)⊗ (b ∧ d).
In the rest of this section, we assume that (E , F ) is an oriented Finsler bundle.
Thus, π∗E is an oriented bundle and therefore, we can induce the Berezin integral
B (cf. [7]) to A by
B : a⊗ η ∈ A 7→ a(Bη) ∈
∑
i
A
i,0,
with
B(eI) =
{
ǫI , |I| = n,
0, otherwise.
We always identify so(π∗E ) with ∧2π∗E by the map
B ∈ so(π∗E ) 7→ 1
2
∑
i,j
g(Bei, ej)ei ∧ ej .
In particular, the curvature of an arbitrary metric-compatible connection is viewed
as an element in A 2,2.
The arguments similar to those in [4, p.52-55] show the following lemma.
Lemma 3.4. Let ∇ be the modified connection of a metric-compatible connection.
Set
Ut := B(e
−Θt) := B
(
e−(
t2
2
+it∇ℓ+Ω)
)
= B
(
e−
t2
2
∞∑
k=0
(−1)k
k!
(it∇ℓ+Ω)k
)
,
where Ω is the curvature of ∇ and i := √−1. Thus, Ut is a closed n-form on SE
and
d
dt
Ut = −id
[
B
(
ℓ · e−Θt)] .
Remark 1. Mathai-Quillen’s proof of the formula (1.1) was carried out by con-
structing a Thom form on TM , which pulled back by the zero-section is exactly the
(geometric) Euler form. Although U1 is similar to the Mathai-Quillen’s Thom form
restricted to SE , the argument in [17] cannot be applied to Finsler bundles, since
the connection 1-form of any connection cannot be extended to the zero-section for
a general Finsler metric.
According to [7, Definition 1.35], U0 = B(e
−Ω) is exactly the Pfaffian Pf(−Ω).
Lemma 3.4 then yields the following result.
Proposition 3.5. Let ∇ be the modified connection of a metric-compatible connec-
tion. Then
Pf(−Ω) = (−1)n−1d
[
n−1
2 ]∑
k=0
(−1)k2n2 Φk
k!(n− 1− 2k)!22k+1Γ
(
n− 2k
2
) ,
where Ω is the curvature of ∇, Γ(s) is the gamma function and
Φk :=
∑
ǫα1...αn−1Ω
α2
α1 ∧ · · · ∧ Ωα2kα2k−1 ∧̟nα2k+1 ∧ · · · ∧̟nαn−1 .
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Proof. Denote by Ξ the component of e−(it∇ℓ+Ω) in A n−1,n−1. It is not hard to
see that
Ξ =
∞∑
k=0
(−1)k
k!
 ∑
{s:(k−s)+2s=n−1, 0≤s≤k}
(
k
s
)
(it∇ℓ)k−s · Ωs

=
n−1∑
k=[ n2 ]
(−1)k
(n− 1− k)!(2k − (n− 1))! (it∇ℓ)
2k−(n−1) · Ωn−1−k
= (−i)n−1
[n−12 ]∑
k=0
(t∇ℓ)n−1−2k · Ωk
k!(n− 1− 2k)! .
Hence, we obtian
(3.2) ℓ · Ξ = (−1)
n−1
ǫ(n+ 1)
[n−12 ]∑
k=0
tn−1−2k(−1)k
k!(n− 1− 2k)!2kΦk ⊗ e1 ∧ · · · ∧ en,
where
ǫ(n) :=
{
1, n = 2p,
i, n = 2p+ 1.
Since Ut = e
−t2/2B(e−(it∇ℓ+Ω))→ 0 (as t→∞), Lemma 3.4 together with (3.2)
then yields
Pf(−Ω) = U0 = id
[∫ ∞
0
B(ℓ · e−Θt)dt
]
= id
[∫ ∞
0
e−t
2
B(ℓ · Ξ)dt
]
= (−1)n−1ǫ(n)d
[
n−1
2 ]∑
k=0
(−1)k2n2 Φk
k!(n− 1− 2k)!22k+1Γ
(
n− 2k
2
) .
In particular, if n = 2p+ 1, then Pf(−Ω) = U0 = 0 and (therefore)
(−1)n−1d
[
n−1
2 ]∑
k=0
(−1)k2n2 Φk
k!(n− 1− 2k)!22k+1Γ
(
n− 2k
2
) = 0 = Pf(−Ω).

Let ∇ be the modified connection of a metric-compatible connection D. Define
Ω∇ :=
1
(2π)
n
2
Pf(−Ω), Π := (−1)
n−1
π
n
2
[
n−1
2 ]∑
k=0
(−1)kΦk
k!(n− 1− 2k)!22k+1Γ
(
n− 2k
2
) .
9An easy calculation yields that
Ω∇ =

(−1)p
22pπpp! ǫi1...i2pΩ
i2
i1
∧ · · · ∧ Ωi2pi2p−1 , n = 2p,
0, n = 2p+ 1.
Π =

1
(2π)p
p−1∑
k=0
(−1)k+1
(2p−2k−1)!!k!2k
Φk, n = 2p,
1
πp22p+1p!
p∑
k=0
(−1)k
(
p
k
)
Φk, n = 2p+ 1.
Hence, Ω∇ and Π are of the same form as the ones defined in [3, 11, 12, 21]. The
proposition above then implies
(3.3) Ω∇ = dΠ.
It is not hard to see that (3.3) is valid not only for all metric-compatible connections
but also for all oriented Finsler bundles. Recall that ∇ is the modification of D
and therefore, ∇ is also metric-compatible. The Chern-Weil theory then yields
ΩD −Ω∇ = d
[∫ 1
0
1
(2π)
n
2
B
(
exp(−Ωs) · ∂Ds
∂s
)
ds
]
=: dΥ0,
where Ds := s∇+ (1− s)D and Ωs is the curvature of Ds (see Proposition 5.1).
From above, we have
(3.4)
ΩD + E
V(x)
= d
(
Υ1
V(x)
)
,
where V(x) is the Riemannian volume of SxE and
E := −dΥ0 − d logV(x) ∧Υ1 − dΥ2, Υ1 := (−1)
n−1
2π
n
2
Φ0
(n− 1)!Γ
(n
2
)
,
Υ2 := Π−Υ1 = (−1)
n−1
π
n
2
[
n−1
2 ]∑
k=1
(−1)kΦk
k!(n− 1− 2k)!22k+1Γ
(
n− 2k
2
) .
(3.4) implies that all the (ΩD + E)/V(x)s of metric-compatible connectionsD are in
the same DeRham cohomology class. Recall that [ΩD] ∈ Hn(SE ) is the geometric
Euler class of π∗(SE ). Thus, [(ΩD + E)/V(x)] ∈ Hn(SE ) can be viewed as the
modified geometric Euler class of π∗E . In particular, if V(x) = const., then E is
an exact n-form and [(ΩD + E)/V(x)] is the geometric Euler class of π∗E (up to a
constant).
4. Proof of Theorem 1.1
In this section, we assume that (E , F ) is an oriented Finsler manifold of rank
n over an oriented closed n-dimensional manifold M . The reason why we require
rank(E ) = dim(M) here is to integrate the pullback of (3.4) over the underlying
manifold. Notations are as in Section 3. First we have the following lemma.
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Lemma 4.1. Let X ∈ Γ(E ) be a smooth section with isolated zeros {xa}ka=1. Thus,
for each a, there exists a small neighborhood Ua of xa such that∫
∂Ua
[X ]∗
(
Υ1
V(xa)
)
= (−1)n−1 locdeg(X ;xa)
vol(Sn−1)
,
where [X ] : M\∪{xa} → SE \∪SxaE is the section induced by X, and locdeg(X ;xa)
is the local degree of X at xa.
Proof. Step 1. We shall construct a Finsler metric F˜ on M such that (TxaM, F˜ ) is
isometric to (Exa , F ), for all isolate zeros xa.
For each xa, there exists a local coordinate system (Va, u
i
a) consistent with the
orientation of M such that xa ∈ Va and Va ∩ Vb = ∅, if a 6= b. Define a Finsler
metric Fa on Va by
Fa
(
yi
∂
∂ui
a
)
:= F (yisia),
where {sia} is a local frame field consistent with the orientation of E on Va. Let
Wa be a relatively compact neighborhood of xa such that xa ∈ Wa ⊂ W a ⊂ Va.
By [13, Lemma 1, p. 26], one can construct a smooth nonnegative function ρa on
M with ρa|Va 6= 0 and
ρa(x) =
{
1, x ∈W a,
0, x ∈M\Va.
Choose a cut-off function ρ0 on M such that
ρ0 =
{
1, x ∈M\(∪a Va),
0, x ∈ ∪aWa.
Now set hs := ρs/(ρ0 +
∑
a
ρa), s = 0, 1, · · · , k. Choose an arbitrary Riemannian
metric g on M and define a function F˜ on TM by
F˜ :=
∑
a
haFa + h0
√
g.
Proposition 5.2 then yields that F˜ is a Finsler metric on M . Clearly, (TxaM, F˜ ) is
isometric to (Exa , F ) for all a.
Step 2. By the Finsler metric F˜ , we can use the argument in [21, Theorem 0.1].
Choose a small ǫ > 0 such that B+xa(ǫ) ⊂ Va for all a, where B+xa(ǫ) is the forward
ǫ-ball defined by F˜ . Define a map ϕǫ : SxaE → SE by
ϕǫ([y]) = [X ] ◦ κ([y]),
where κ([y]) := expxa (ǫIa([y])) and Ia : (Exa , F ) → (TxaM, F˜ ) is the isometry
constructed as above. (expxa)∗0 = id implies that κ is a diffeomorphism between
SxaE and ∂B
+
xa(ǫ). Hence, deg(κ) = 1 and therefore,
deg(ϕǫ) = deg([X ]) ◦ deg(κ) = deg([X ]) = locdeg(X ;xα).
Recall that vol(Sn−1) = 2πn/2/(Γ(n/2)) and Φ0|SxaE = (n− 1)!dνxa (see Proposi-
tion 3.3). Thus,∫
∂B+xa (ǫ)
[X ]∗
(
Υ1
V(xa)
)
=
∫
κ(SxaE )
[X ]∗
(
Υ1
V(xa)
)
= deg(ϕǫ)
∫
SxaE
Υ1
V(xa)
=(−1)n−1 locdeg(X ;xa)
vol(Sn−1)
.
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We are done by choosing Ua := B
+
xa(ǫ) for all a. 
We recall the following generalized Poincare´-Hope theorem [8].
Theorem 4.2 (generalized Poincare´-Hope theorem). Let E be an oriented rank n
vector bundle over a closed oriented n-dimensional manifold M . For any smooth
section X ∈ Γ(E ) with isolated zeros {xα}, we have
χ(E ) :=
∫
M
e(E ) =
∑
a
locdeg(X ;xa),
where χ(E ) (resp. e(E )) is the Euler characteristic (resp. the topological Euler
class) of E .
Now we prove Theorem 1.1.
of Theorem 1.1. Denote by {xa} the isolated zeros of X . Let Ua = B+xa(ǫ) be as in
Lemma 4.1. Thus, (3.4) together with Lemma 4.1 and Theorem 4.2 yields∫
M\∪B+xa (ǫ)
[X ]∗
(
ΩD + E
V(x)
)
=
∫
M\∪B+xa (ǫ)
[X ]∗d
(
Υ1
V(x)
)
=−
∑
a
∫
∂B+xa (ǫ)
[X ]∗
(
Υ1
V(x)
)
=
(−1)n
vol(Sn−1)
∑
a
locdeg(X ;xa) =
(−1)n
vol(Sn−1)
χ(E ).
Note that e(E ) = 0 if n = 2p + 1 (see [18, Theorem 8.3.17]). We finish the proof
by letting ǫ→ 0+. 
of Theorem 1.2 and Theorem 1.4. We just prove Theorem 1.2. Likewise, one can
show Theorem 1.4. Since F is a Riemannian bundle, the pull-back connection
π∗D is a metric-compatible connection on π∗F . Note that the modified connection
of π∗D is exactly itself, which implies that dΥ0 = 0. Since V(x) = vol(Sn−1),
E = −dΥ2 has no pure-dy part and (therefore)
∫
M [X ]
∗E = 0. Hence, Theorem 1.1
implies
χ(E ) =
∫
M
[X ]∗Ωπ
∗D =
∫
M
[X ]∗π∗ΩD =
∫
M
ΩD.

Remark 2. In [6], Bell shows that for any oriented Riemannian bundle F of even
rank over an oriented closed manifold, the geometric Euler class always coincides
with the topological Euler class, i.e.,
(4.1) [ΩD] = e(F ).
In fact, (4.1) holds for any rank (cf. [18, Theorem 8.3.17]). Theorem 1.2 then
follows immediately. (4.1) is so beautiful that one might expect to generalize it to
the Finsler setting. But it seems impossible. First, for an oriented Finsler bundle
(E , F,M) of rank n, the cohomology class [ΩD] ∈ Hn(SE ) (resp. [(ΩD + E)/V(x)] ∈
Hn(SE )) is the geometric Euler class (resp. the modified geometric Euler class) of
the pull-back bundle π∗E , while e(E ) ∈ Hn(M) is the topological Euler class of the
original bundle E ; in general, these classes are not in the same cohomology space.
Secondly, e(E ) is defined by the pullback of the Thom class via the zero-section,
but most of the quantities (especially, the connections and curvatures) of a general
Finsler bundle cannot be defined at the zero-section. Hence, there is no relation
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between the (modified) geometric Euler class of π∗E and the topological Euler class
of E , except for the trivial result[
ΩD + E
V(x)
]
= [ΩD] = π∗e(E ) = 0.
5. Appendix
Proposition 5.1. Let ∇ be the modified connection of a metric-compatible connec-
tion D. Then
ΩD −Ω∇ = d
[∫ 1
0
1
(2π)
n
2
B
(
exp(−Ωs) · ∂Ds
∂s
)
ds
]
,
where Ds := s∇+ (1− s)D and Ωs is the curvature of Ds.
Proof. Clearly, {Ds} is a family of metric-compatible connections. SetDs =: d+ωs,
where ωs ∈ A 1(SE )⊗ so(π∗E ). Thus,
∂Ds
∂s
=
1
2
∑ ∂(ωs)ji
∂s
⊗ ei ∧ ej ∈ A 1,2, ∂
∂s
Ωs = Ds
(
∂Ds
∂s
)
∈ A 2,2.
Since DsΩs = 0, we have
∂
∂s
ΩDs =
1
(2π)
n
2
∂
∂s
B(exp(−Ωs)) = −1
(2π)
n
2
B
(
Ds
(
exp(−Ωs) · ∂Ds
∂s
))
=
−1
(2π)
n
2
dB
(
exp(−Ωs) · ∂Ds
∂s
)
.

Proposition 5.2. Let Fi, i = 1, 2 be two Minkowski norms on R
n. Then F˜ :=
F1 + F2 is still a Minkowski norm.
Proof. It is easy to check the regularity and the positive homogeneity of F˜ . We
just show F˜ is strictly convex. Let (yi) denote the coordinates in Rn and let gs,
s = 1, 2 (resp. g˜) denote the fundamental tensor of Fs (resp. F˜ ). For any y 6= 0
and X = X i ∂∂yi , we have
g˜(y)(X,X) =[
g1(y)
(
y
F1(y)
, X
)
+ g2(y)
(
y
F1(y)
, X
)]2
+ F˜ (y)
(
∂F1
∂yi∂yj
X iXj +
∂F2
∂yi∂yj
X iXj
)
.
It follows from [4, (1.2.9)] that g˜(y)(X,X) ≥ 0 with equality if and only if
g1(y)
(
y
F1(y)
, X
)
= −g2(y)
(
y
F2(y)
, X
)
, (∗1)
∂Fs
∂yi∂yjX
iXj = 0, s = 1, 2. (∗2)
(*2) together with [4, (1.2.7)-(1.2.9)] yields that X = βy, β ∈ R. Then (*1) implies
βF1(y) = −βF2(y), i.e., β = 0. 
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